Abstract. We investigate properties of 4-dimensional warped product manifolds satisfying a particular set of curvature conditions. As an application, we obtain a generalization of a pseudosymmetric property for Ricci-flat waxped product spacetimes which was established previously in some special cases, including the Schwarzschild metric.
Introduction
Curvature properties of four-dimensional semi-Riemannian manifolds (M,g), in relation to a semiintegrable almost Grassmann structure (see [1] ), were investigated recently in [13] . Among other results, it was shown that the metric g from Example 3.5 in [1] satisfies the following relations (1) (i) rank S <2, (ii) S 2 = 0, (iii) k = 0, (iv) S • C = 0,
u{X)U(Y, Z) + u>{Y)Tl{Z, X) + u{Z)H(X, Y) = 0.
We note that if (2) is satisfied at a point x € M and the 1-form u is nonzero at this point, then the relation ( 
3) R R = Q(S, R)
holds at x (see [10] ). Thus (3) is a necessary condition for (2) to hold; however this condition is not sufficient. For precise definitions of the symbols used, we refer to Section 2.
In the present paper we broaden the scope of the investigations in [13] and obtain generalizations of the results for all four-dimensional warped products M Xp N and for all possible dimensions of the base manifold. In doing so, the level of technical complexity increases considerably. More precisely, we study curvature properties of four-dimensional warped products, subject to the conditions (l)(ii)-(iv) and (3) . It was shown in [13] that the Ricci tensor S of a four-dimensional warped product M XpN, with dimM = 1 or dimM = 3, satisfying (1)(ii) and (l)(iii), has the rank at most one at every point. We prove that this statement is also true when the base (M,g) is a two-dimensional manifold. Furthermore, it was also shown in [13] that if (l)(w) and (l)(iii) are satisfied on a four-dimensional warped product M XpN, dimM = 1, then M XpN is a semisymmetric manifold, which is a particular case of a pseudosymmetric manifold. We extend this result to the case when the base (M,g) is two-or three-dimensional. More precisely, we prove that if (l)(ii)-(l)(iv) are satisfied on a 4-dimensional warped product M xp N, dimM = 2, then M xp N is a pseudosymmetric manifold. In the case when the base (M,g) is a three-dimensional manifold, the warped product M Xp N is a semisymmetric manifold. However, in order to prove this, we must assume additionally that such warped product satisfies also (3) .
In Section 2 we define the symbols and comment on the concepts we use. In Section 3 we present the main results. Finally, in Section 4 we give an example of a warped product manifold satisfying (1) and (3). However, this manifold does not satisfy (2) . holds on the set UR = {x E M \ R -^ 0 at x}, where LR is some function on UR. It is clear that any semisymmetric manifold (R • R = 0-see [14] ) is pseudosymmetric. For more information on the geometric motivation for the introduction of the concept of pseudosymmetry and a survey of various applications, we refer to the papers [7] , [9] and [15]; in particular, for connections with the general theory of relativity, see e.g. [12] .
The curvature condition (3) is a particular case of the situation when (*)2 the tensors R • R and Q(S, R) are linearly dependent.
According to [3] (see also [4] ) a semi-Riemannian manifold (M, g), dim M = n > 3, where (*)2 is satisfied, is said to be Ricci-generalized pseudosymmetric.
As it was shown in [10] , if at a point x G M, (2) is satisfied and u> is nonzero at this point, then (3) holds at x. Note also that every hypersurface M of an (n + l)-dimensional semi-Euclidean space E£ +1 with signature (n + 1 -s, s), n > 3, satisfies (3) (see [11] ). Examples of warped products satisfying (3) can be found in [4] . The local components
of the Riemann-Christoffel curvature tensor R and the local components Sts of the Ricci tensor S of the warped product M Xp N which may not vanish identically are
where
and T is the (0,2j-tensor with the local components T a b• The scalar curvature «of M Xp N satisfies the relation
Main results
We now proceed to the proof of the main results. We will show that any four-dimensional warped product subject to the conditions (l)(ii)-(l)(iv) and (3) bears the same features: rank(5) < 1 and the manifold is pseudosymmetric. The proof proceeds case by case and is established in Proposition 3.1 for dim M = 1, in Proposition 3.2 for dim M = 2, and in Proposition 3.3 for dim M = 3. However, before proving these results we collect in Lemma 3.1 a few usefull formulas, which will be invoked repeatedly. The proof of these formulas consists of a carefull calculation and comparison of the leftand right-hand sides by using definitions of Section 2. (ii) If the conditions (l)(ii), (l)(iii), and (l)(iv) are satisfied on M XpN, then it is a pseudosymmetric manifold.
Proof, (i) From (6) and (l)(iii), we obtain K(T) = /c 2 -trS 2 = 0. But this reduces (15) to SadSbc ~ S ac Sbd -0, whence rank S < 1, completing the proof of (i).
(ii) Since rank S < 1, (9) reduces to S • R = 0. In particular, we have (S • R)aab0 = 0, which by (5) and (14) , leads to g e f(5 ae T 6/ + S be T af ) = 0. By (6) , this turns into
On the other hand, (1)(M) yields ^fg ab -2KT ab + pT We assume that at a point x € M Xp N we have it / 0. Now (17) gives T ab = *fg ab . We put L = -f and H ab = \T ab + FLg ab . Applying this to (17), we obtain H ab = 0. Now Corollary_2.1 of [8] 
implies R R = LQ(g, R).
We assume that at a point x € M Xp N we have K = 0. Next we note that by our assumptions, (8) (
ii) If the conditions (1)(ii), (l)(iii), (l)(iv), and (3) are satisfied on M Xp N, then it is a semisymmetric manifold.
Proof, (i) The proof of this subcase was covered by Lemma 3.2 of [13] .
(ii) Let x be a point of ~Mx F N. Evidently, if ip or u> is a zero covector, then (42) is satisfied at x and R R = 0 holds at x. Assume that ip is nonzero covector at x. We can choose a vector V at x such that V^ipf = 1. Contracting now (43) Corollary 3.1 generalizes Proposition 2 of [12] where this was shown for the Schwarzschild metric. We finish this section with the following REMARK 3.1. It is well known that the Kerr metric is also Ricci flat. However, it is not a pseudosymmetric metric [7] . It follows that the Kerr metric satisfies (l)(z) -(l)(iv), but cannot satisfy (3) . In addition, we mention that the Kerr metric is a nonwarped product metric [2] .
Examples
Let ( (i) The manifold Mxp iV_satisfies (3) (see [4] ). We can easily check that if (2) is_satisfied on M xp N, for some 1-form u, then it must vanish on M x F N. Indeed, let x € M x F N. If in the formula we take r = a, s = a, t -¡3, u -7, v = 6, then we get u) a R a /3-yS = Oi whence, by our assumptions and (5), it follows that at the point x we have uj a = 0. Further, taking in (46) r -a, s = P, t = a, u = b, v = 7, we find that -iOpg ai )T a h -0, which implies u a = 0.
(ii) If p -1 then the warped product M x p N is a conformally flat manifold. Therefore in the following we assume that p> 2.
From Corollary 2.1 of [8] it follows that if k / 0, then M x F N is a nonpseudosymmetric manifold. However, if k = 0, then M x p N is a semisymmetric manifold. In addition, if the constants e a and £ a satisfy = 0> then from (44) it follows that the warped product M XpN satisfies the following relations: rankS = 1, (1)(m) and (l)(m). Furthermore, by making use of (5) and (44), we can state that the local components of the Weyl tensor C, which may not vanish identically, are Now, in virtue of (44), we get easily (l)(iu). Furthermore, in view of Lemma 3.1 and (44), we obtain 5-^ = 0.
(iii) The manifold MxpN cannot be realized as a hypersurface of a semiRiemannian space of nonzero constant curvature. This is a consequence of Proposition 3.1 of [11] and the fact that MxpN satisfies (3). We prove now that MxpN, n-p > 2, can be realized as a hypersurface of a semi-Euclidean space. Let r be a function on M Xp N such that the relation holds on M xpN. It is clear that there exist constants e, e a , and £ a such that the function r is nonzero at every point x of M x p N and the right-hand side of the last relation is positive at every point x. Further, let H be the 
